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New state of matterNew state of matter

metalsmetals insulatorsinsulators

solidssolids

semiconductorssemiconductors

Topological insulators are like insulators in the Topological insulators are like insulators in the 

bulk and like metals at the surfacebulk and like metals at the surface

Neither fish nor meat….Neither fish nor meat….



OutlineOutline� “Insulator”: What does it mean? 

Band theory of solids.

� “Topology”: What does it mean? Some examples.

� Are there states in the energy gaps of solids?

Tamm and Shockley states

� Edge states and topology.� Edge states and topology.

Quantum Hall effect.

� Band inversion as an important mechanism of generation of 

topologically protected states. Volkov-Pankratov solution.

� 2D topological insulators, HgTe/CdTe quantum wells.

� 3D topological insulators.



Band theory of solids. Metals and insulatorsBand theory of solids. Metals and insulators

Bloch theoremBloch theorem
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FCCFCC
(face centered cubic )(face centered cubic )

(a) Electronic energy bands in Al along 

the direction only. The inset shows the 

first Brillouin zone. (b) Energy bands 

in different directions given by the 

dashed path between high symmetry 

points of the Brillouin zone.

(b) The horizontal dashed line represents 

the fictitious Fermi level for 

aluminium with the same structure but 

only one valence electron instead of 

three. Band structure from 

H. .J. Levinson et al. , Phys. Rev. B 

27, 727 (1983).



Electronic energy bands for Si and GaAs. These materials have the same Brillouin zone as Al 

(see Fig. 1.6). The bands below the grey zone are completely filled and the bands above the 

grey zone are completely empty at zero temperature. The grey region represents an absolute 

band gap in the electronic structure. Band structures from M. Rohlfing et al. , Phys. Rev. B 

48, 17791 (1993).



Band theory of solids. Metals and insulatorsBand theory of solids. Metals and insulators

Spin projection as a quantum number Spin projection as a quantum number 

SpinSpin--orbit interaction and time orbit interaction and time ––

reversal symmetryreversal symmetry
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KramersKramers theorem and band spectrumtheorem and band spectrum
Inversion Inversion No inversion No inversion 
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Band theory of solids. Metals and insulatorsBand theory of solids. Metals and insulators

Q: How do we fill the Q: How do we fill the 

bands by electrons?bands by electrons?

A: by pairs with opposite A: by pairs with opposite 

spinspin
xk

ε

spinspin

(if there are no spin(if there are no spin--orbit orbit 

effects)effects)

xk

Even or odd number of electrons in a Even or odd number of electrons in a 

primitive cellprimitive cell

N= number of k N= number of k –– states in states in 
each bandeach band

2N = number of states in the 2N = number of states in the 
band accounting spinband accounting spin



Band theory of solids. Metals and insulatorsBand theory of solids. Metals and insulators

TightTight--binding approachbinding approach

Fermi Fermi 

levellevel

From insulatorFrom insulator to metal. to metal. 
Overlapping of bandsOverlapping of bands

levellevel



Band theory of solids. Metals and insulatorsBand theory of solids. Metals and insulators

TightTight--binding approachbinding approach
From insulatorFrom insulator to metal. to metal. 
Overlapping of bandsOverlapping of bands

Fermi Fermi 

levellevellevellevel



Topological arguments. Topological arguments. 
The idea of “smooth” changesThe idea of “smooth” changes

How can we define that How can we define that 

figures are “equal”?figures are “equal”?

1.1. We find some common We find some common 

property.property.

2.2. We find some number which We find some number which 2.2. We find some number which We find some number which 

characterizes this property.characterizes this property.

3.3. This number must conserve This number must conserve 

under smooth under smooth 

transformations.transformations.

4.4. We call the number We call the number 

“topological invariant” “topological invariant” 



Topological arguments. Topological arguments. 
Why do we need them in physics?Why do we need them in physics?

ψεψ 11
ˆ =H ψεψ 22

ˆ =H

“smooth” “smooth” 

transformationstransformations

ψεψ 11 =H ψεψ 22 =H

1.1. Because we are lazy and like to establish some Because we are lazy and like to establish some 
correspondence between the solutions!correspondence between the solutions!

2.2. Transitions between the states with different Transitions between the states with different 
topology bring new physics and cost much energy.topology bring new physics and cost much energy.



Some examples. Some examples. 
Vortices in Vortices in superfluidssuperfluids..

0≠∇ϕrot

ndl πϕ 2=∇∫ Vortex Vortex 
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Vortex Vortex 
lineline

1.1. Increase in n =vortex creation which costs energyIncrease in n =vortex creation which costs energy

2.2. Vortex can appear either at the boundary or with the Vortex can appear either at the boundary or with the antivortexantivortex partner.partner.

3.3. Vortex line can not end in the bulk.Vortex line can not end in the bulk.

4.4. All types of vortices (All types of vortices (AbrikosovAbrikosov, Josephson) are similar. , Josephson) are similar. 



Insulators, semiconductors. Are there any Insulators, semiconductors. Are there any 
states in the gaps?states in the gaps?

These states are These states are 

easy to killeasy to kill

Why it is interesting?Why it is interesting?

1.1. SubgapSubgap states affect the states affect the 

operation of all semiconducting operation of all semiconducting 

devices.devices.

2.2. We can get lowWe can get low--dimensional dimensional 

conductors in a simple wayconductors in a simple way



The idea of Tamm statesThe idea of Tamm states (1932)(1932)

solid vacuum
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Shockley statesShockley states



Can we create the states in the gap which are Can we create the states in the gap which are 
robust to perturbations?robust to perturbations?

Idea of bulkIdea of bulk--boundary correspondenceboundary correspondence
In 80s:In 80s:

QuasiparticleQuasiparticle states in Hestates in He--3.3.

SuperfluidSuperfluid order parameter in the bulk can order parameter in the bulk can 

generate localized states at the surfacegenerate localized states at the surface

((G.E.VolovikG.E.Volovik))

Effective HamiltonianEffective HamiltonianEffective HamiltonianEffective Hamiltonian
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Topological invariants in systems with broken Topological invariants in systems with broken 
timetime--reversal symmetry.reversal symmetry.

Berry phaseBerry phase
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Topological invariants in systems with timeTopological invariants in systems with time--
reversal symmetry.reversal symmetry.

ZZ2  2  invariantinvariant



General recipe: Interface between two media with General recipe: Interface between two media with 
different topology characteristics generates different topology characteristics generates 

bound statesbound states

21 nn ≠

vacuumvacuum

Gapless edge stateGapless edge state

Reason: we can not go “smoothly“ from the left medium to the right oneReason: we can not go “smoothly“ from the left medium to the right one



Quantum Hall effect. Edge states.Quantum Hall effect. Edge states.

B
r

Edge statesEdge states

Edge statesEdge states

Lµ

Rµ

Lµ

Left leadLeft lead Right leadRight lead

Edge statesEdge states
Rµ

Rµ



Quantum Hall effect. Edge states.Quantum Hall effect. Edge states.
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Quantum Hall effect. Edge states.Quantum Hall effect. Edge states.

yk
1.1. States in the bulk are localizedStates in the bulk are localized

2.2. Edge states carry the currentEdge states carry the current

3.3. Scattering is weak! Scattering is weak! 

Since the states with opposite Since the states with opposite momentamomenta are are 

spatially separatedspatially separated
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Let us use the Let us use the LandauerLandauer approach!approach!

Left leadLeft lead Right leadRight lead

Lµ

Rµ

Lµ

Rµ
Left leadLeft lead Right leadRight lead

1.1. Left electrons carry the distribution  Left electrons carry the distribution  

function from  the left reservoirfunction from  the left reservoir

2.2. Right electrons carry the distribution  Right electrons carry the distribution  

function from  the left reservoirfunction from  the left reservoir

2.2. Relaxation of the distribution function Relaxation of the distribution function 

occurs at large length scalesoccurs at large length scales



Very small backscatteringVery small backscattering
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Quantum Hall effect. Edge states.Quantum Hall effect. Edge states.
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Quantum Hall effect. Edge states.Quantum Hall effect. Edge states.



Band inversion as an important 

mechanism of generation of 

topologically protected states. 

ε

Edge 

Interatomic

distance aEdge 

states

distance

Vacuum-type 

topology
Nontrivial 

topology



VolkovVolkov--PankratovPankratov solution for the interface solution for the interface 
with the band inversionwith the band inversion

zgε



Electron confinement Electron confinement in a in a well: well: 
standard quantum mechanicsstandard quantum mechanics

)(xU
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VolkovVolkov--PankratovPankratov solution for the interface solution for the interface 
with the band inversion.with the band inversion.

An alternative way to trap an electron comparing to the An alternative way to trap an electron comparing to the 
ShroedingerShroedinger potential wellpotential well
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Zero magnetic field.Zero magnetic field.
Quantum spin Hall insulatorQuantum spin Hall insulator

Left leadLeft lead Right leadRight lead

Edge statesEdge states

Edge statesEdge states

Lµ

Rµ

k
r

s
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No backscattering without spin changeNo backscattering without spin change

The Hall potential difference depends on the spin stateThe Hall potential difference depends on the spin state

Nonzero spin currentNonzero spin current



2D topological insulators, HgTe/CdTe quantum 

wells.



The band inversion effect and conductance 

through 2 half-channels



2D topological insulators, HgTe/CdTe quantum 

wells.



2D topological insulators, HgTe/CdTe quantum 

wells.



2D topological insulators, HgTe/CdTe quantum 

wells.



2D topological insulators, HgTe/CdTe quantum 

wells.



From 2D to 3D topological insulators

Edge statesEdge states
Surface statesSurface states



3D topological insulators

Weak TIWeak TI



3D topological insulators

Weak TIWeak TI Strong TIStrong TI



3D topological insulators.

Problem of measurements of surface states:Problem of measurements of surface states:
finite conductivity of the bulkfinite conductivity of the bulk

Very clean materials are neededVery clean materials are needed
(no doping)(no doping)



3D topological insulators. ARPES data



3D topological insulators. 

ARPES data

First compound: bismuth 

antimony Bi1-x Sbx



3D topological 

insulators. Bi2Se3.

Spin resolved ARPES 

data



3D topological 

insulators. 

Spin resolved ARPES 

data



3D topological 

insulators. Bi2Se3.

Effect of magnetic 

impurities



3D topological insulators. 

Electromagnetic effects caused by the surface Electromagnetic effects caused by the surface 
states with broken timestates with broken time--reversal symmetryreversal symmetry

Applied magnetic fieldApplied magnetic field Proximity to a magnetic materialProximity to a magnetic material



3D topological 

insulators. 

Magnetic monopoleMagnetic monopole



Some conclusionsSome conclusions

• New type of insulators with metallic layer at the surface

• bulk-boundary correspondence

• Suppression of backscattering in quantum channels  

Some referencesSome references



Some problems to be solved after lecturesSome problems to be solved after lectures

1.1. Solve the Solve the VolkovVolkov--PankratovPankratov problem (find localized problem (find localized 

states at the interface with the band inversion) for states at the interface with the band inversion) for 

the particular case of the stepthe particular case of the step--like profile like profile 

2.2. Solve the Andreev equation (find the Solve the Andreev equation (find the subgapsubgap

)()( zsignzg =ε

2.2. Solve the Andreev equation (find the Solve the Andreev equation (find the subgapsubgap

localized state) in the steplocalized state) in the step--like gap profilelike gap profile

)()( zsignz =∆

3. Solve them and send to3. Solve them and send to

melnikov@ipmras.rumelnikov@ipmras.ru


